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Let X be a compact K ahler manifold with K ahler form   For an analytic cycle Y   X of
complex codimension k the Poincare duality assigns a class in the de Rham cohomology which
can be represented by a harmonic k kform 
Y 













Thus we can reconstruct Y and its harmonic projection 
Y 
from this equation	 because Y is




is not smooth	 while 
Y 
is determined by its values on the dense open





er only by some exact
current
Green currents for varieties of arbitrary dimension were systematically developed by H Gillet
and C Soule in  These currents play a central role in Arakelov theory see  and 
On the one hand the existence of Green currents follows more or less formally from the Hodge
decomposition for currents To do intersection theory	 on the other hand	 we need currents
which behave well Green currents of logarithmic type are an example of these currents see

Here we present a method to nd a canonical Green current g
Y
which depends only on the
K ahler manifold X  and the cycle Y  This current g
Y
is given by k kforms with L
 

coecients which are smooth on X n Y 
We start with repeating some basic results on K ahler manifolds in  which can be found in
the textbooks  or  In section  we recall the main properties of the heat kernel before
we consider the heat ux of Dirac currents in section  obtaining a Green operator for these
currents In  we dene the canonical harmonic Green current and show that its harmonic
projection is zero Following  we investigate the ane space of all Green currents for a given
cycle In section  we apply the heat kernel to intersections of properly intersecting cycles
This is needed to derive a formula for the product of Green currents in  However	 we have
to restrict to cycles that intersect properly Hence our results are weaker than those of  As
we used a di
erent approach	 we decided to present them here In section  we give examples
which we found by a good guess  or because we know all eigen functions of the Laplace
operator  or from the explicit form of the heat kernel  The last example shows how
our techniques can be extended to noncompact K ahler manifolds for which a heat kernel exists
In section  we show how example  can be computed without guessing The techniques of
 presented here should be applicable to compute more concrete examples	 eg canonical
Green currents of not too dicult cycles in P
n
and Schubert cycles in Grassmannians at
least Grass  We conclude in section  with some questions and remarks
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
  Notations and preliminaries
  Our notations follow the book  of P Grith and J Harris
Let X be a smooth compact K ahler manifold of complex dimension n By   we denote the
K ahler form of X The space A
k









Furthermore	 d decomposes as d   















The adjoint operators for 	









respectively We recall the





















This implies that the Laplacian commutes with  and

 For the sequel the Hodge identity





  The linear functionals on A
k




The decomposition of A
k

















There are two basic examples of currents
  The current associated to a form  For   A
p q







   





X by assigning a smooth p qform its associated current To assign to a
form  a current we can allow p qforms  whose coecients are locally integrable functions
We can wedge a current T  D
k
X with a smooth form   A
l
X by setting   T  

kl
T 	 and T   T  This is compatible with the embedding of smooth
forms into currents























 we just have to integrate 	

 over the smooth part of Y  The existence of a
desingularization is needed to ensure the convergence of this integral
We can combine the Dirac currents with those of  by taking a locally integrable form  on


















  We dene derivatives and formal adjoints of a current T  D
p q
X by





































































 Again by Stokes theorem	 we see that d
Y
   for a
closed cycle Y   X
 The Heat Kernel on compact manifolds
  Let X be a compact K ahler manifold of complex dimension n As before we consider the




d acting on the spaces A
k
X of smooth kforms with values






kforms which are C
 














There exists a universal solution of the heat equation the heat kernel The next results resumes
its main properties First	 let us introduce some more notations




respectively We denote by  the involution automorphism of X  X which interchanges the
components For a n  k form  on X X we denote by pr
 





 is a kform on X
  Theorem  Using the notations of  there exists a family p
t
of smooth nforms on
X X depending smoothly on t  R

such that























 is the heat  ux of 
 The form p
t







 For a smooth kform   A
k






 is the harmonic projection
of  ie 
 


























For proof of the theorem see chapter  in  Let us remark that we prefer p
t
to be a nform
Usually it is considered to be a section in the tensor product of certain half density bundles
These density bundles allow the integration of a function on a manifold Our point of view is
that on X we can integrate only nforms
  We will need a local expression for the heat kernel near the diagonal for small t Let









































For abbreviation we write z instead of the ntupel z
 
     z
n

















































   
where  is a nform with bounded coecients	 for jjzjj	 and jjz

jj small enough





is a bounded form tending to zero	 for t 
 The Green operator for Dirac currents













is the heat ux operator of theorem  The properties of the heat ux for smooth




 If  is the current associated to a ksmooth form 	 then using













































Taking into account the  invariance of p
t















    P
t
 
Thus	 the heat ux of currents generalizes the heat ux of smooth forms
  We consider the Dirac current 
Y
associated to a closed submanifold Y   X We give a
formula for the heat ux of this current In particular	 we see that 
Y t
is the current associated
to a smooth form 
Y t
	 for any t   By 	 

Y  X we denote a desingularization of Y  On















































































is the current associated with the smooth form 
Y t
	
for all t  
  We want to study the smooth forms 
Y t
at a point y  Y 	 for small values of t We assume





Furthermore	 we assume the z
j
to be unitary coordinates at the point y Since we want to
express 
Y t
up to a bounded form	 we assume that X  C
n



























































































Resuming our computation we obtain in a neighbourhood of a point y  Y the following local




























 is a kform with bounded coecients
  We want to extend the Green operator to Dirac currents Let Y   X be a smooth
submanifold Since the heat ux of currents generalizes the heat ux of smooth forms and 
Y t






exists and is a harmonic form Moreover	 we have for




























We want to show that this integral is a form with L
 
coecients which are well dened on the





































ds gives a form with L
 
coecients According to  it is therefore enough




 This is the object of the following
lemma




















dt is locally integrable for any
integer k with   k  n
Proof We rst show that the C function f
   
is locally integrable We remark that it is enough






















dt  dx  dy 






































































consisting of all z with jz
j









































































  GY  
We next extend this to an arbitrary irreducible cycle Y   X To do so we consider a resolution
of singularities

























Y we have a form G

Y  with L
 









Y  of currents holds We apply the push forward f









 The harmonic form 

Y  
pushes forward to a harmonic form because we
took the product metric on









Y  Thus setting









  GY  
for an arbitrary irreducible cycle Y   X






dt is of logarithmic growth along











for a    behaves like  lna up to something bounded We see that lim
a
fa  	
Using the new coordinate s 
a
t


















ds is obviously nite C
 





































dt   lna O 
 	 Here we compute the growth for the Green operator for a cycle Y   X of codimension






























































 k   Oa
k 








We summarize these computations in the next result
 
 Lemma  If Y   X is locally dened by the equation z   then the Green operator GY 






dz  dz  some smooth form




    z
k
  then the Green


























     dz
k
 some smooth form
 The canonical harmonic Green current
  Lemma  Let Y be a closed subvariety of a smooth Kahler manifold X and GY  its Green
operator Then GY  is closed with respect to d  and






  GY  of  Since the left hand side of
this equation is dclosed	 we obtain dGY    Since  and d commute	 we derive that
dGY    Thus	 dGY  is an exact current and harmonic This implies dGY   	
because of the Hodge decomposition  
















is the current associated
with a smooth form
The current g
Y






is the current associated with a
harmonic form
  Theorem  Let Y be an irreducible subvariety of the compact Kahler manifold Y  Then
GY  is a harmonic Green current




  GY  of  as our starting point We
remark that 
Y 































 GY  Hodge identity
 i










Thus	 GY  is a harmonic Green current for the cycle Y   
  Lemma  The harmonic projection of GY  is zero





















have to show that the L

scalar product   
R
X
     
n
vanishes for all harmonic
forms  Now     L Thus	 it is enough to show that L is harmonic because 
has harmonic projection equal to zero However	 the Hodge identities imply L  L Hence	
L   which implies that L is a harmonic form  
Since it depends only on X	   and Y we call GY  the canonical harmonic Green current
Using the Hodge decomposition for currents we are able to describe all Green currents for the
cycle Y 





be two harmonic Green currents for the cycle


























  Using the Hodge decomposition
































































  Thus	 we can repeat the argument to



























 The Hodge decomposition implies that a

exact current which





































































































	 which proves the lemma  





be two Green currents for the cycle Y   X of codimen





































is a smooth form






is of the form dd
c
	 for some smooth k   k  form   
  From the local computations of lemma  we obtain that the canonical Green current g
Y





  some smooth function
If Y is a smooth cycle given by z
 
     z
k
 	 then lemma  yields that the canonical
harmonic Green current g
Y
equals


















     dz
k
plus some smooth k   k  form
 The wedge product of Dirac currents




and relate it to the Dirac current of their intersection product However	 we can only wedge
a current with a smooth form Hence	 we can wedge a current only with those currents which
fulll certain conditions The idea is that in order to intersect Y and Z we intersect Y  Z
with the diagonal 
X




Y  Y and















































are wedgeable if for all smooth




































 In order to obtain this equality of currents	 we


























































































Thus	 we have shown the asserted equality of currents
We say that Y and Z intersect properly if their intersection has the expected dimension We
will need the following result for the computation of intersection multiplicities




be a regular sequence of holomorphic functions in a neighbourhood
of   C
n
 and g be a smooth function on C
n






































 Then for    small enough we have lim
t




     f
n

 If the multiplicity of  is one then there exists constants a and b not depending on g  and
t such that















	 for all i       n











































































	 and g  
Since g was assumed to be continuous	 we nd that the asserted formula holds for a continuous




	 for i       n
After these technical preparations the proof of the rst part is easy We take if necessary
























holds We remark that it is enough to compute the integral on the dense open subset where
f  f
 
     f
n




     f
n
   cover over the




 we obtain the required equality




	 because the general case is as before easily deduced from
































































































































































































































































This inequality yields the assertion   








equals the Dirac current 
Y 	Z
of their intersection
product Y  Z including multiplicities







 	 for all t   Thus	 in this case there is nothing to prove
Now we treat the case when dimY   dimZ  dimX Take a point P     Y  Z
We assume that P is a smooth point of Y  Z Let f
 
     f
n
be the pull back of functions









































where  denotes a n nform with bounded coecients which tend to zero for t   outside







If P is not a smooth point of the Y  Z we proceed as follows We consider a family of small




of zero cycles in Y Z
where P
s
is the zero locus of f
 
 s   f

      f
n
  Without loss of generality we
can assume that for s    P
s
is a smooth cycle contained in the smooth locus of Y  Z






    P
s m
where m  mult
P
Y Z Let B be
an ball around P  We consider the function





































dened for s    and t   with f
i












for s   Thus	 we can extend F to a continuous function to all points  s when s  
Since g is bounded we can bound F  s The second part of lemma  guarantees that F can
be extented to a continuous function for t   and s   





irreducible components of Y  Z
Since p
t
is tending to zero outside of the T
l
we can restrict our integration to tubular neigh
bourhoods of the smooth locus of the T
l


























































Thus	 we obtain the asserted formula for the wedge product  
 The  Product of Green currents























The next lemma shows how a Green current for the cycle Y  Z can be computed from these
data To do so	 we have to restrict ourselves to Green currents which behave well
  Assumption  The Green current g
Y
is locally given by forms with L
 
coecients These
coecients are smooth on a dense open subset whose restriction to Z is dense too Furthermore	
the restriction of g
Y
to Z is assumed to be a form with L
 
coecients on Z
The local formulae of  show that the canonical harmonic Green current g
Y
of Y fullls this
assumption when Y and Z intersect properly
  DenitionLemma see    in   Let Y and Z be two properly intersecting X
















































and wedge it with the current 
Z
 To do so	
we wedge this equality with 
Z t
and consider the limit	 for t   Since Y and Z intersect








 For a smooth






























































Z  X denotes a desingularization of Z The assumption  was needed for
integrating along the bres of X 















































Adding both equalities proves the lemma  
 Examples
  A point on the projective line  Let X be the projective line P
 
C
with the usual open









 We will see here that on a Riemannian
surface it is easy to check if a given current is the canonical harmonic current for a divisor The



















Let Y be the divisor dened by z
















To see that g
Y
is the canonical harmonic current of Y we rst remark that g
Y
extends to a
smooth function on U
 

































    
Y





according to lemma  only by a constant c from the canonical harmonic current Applying





  To conclude that g
Y
is the





    This is a straightforward
calculation







the cocompact lattice Z Z and  is a complex number with v     The volume of
X with respect to the K ahler form dx  dy equals v We want to consider the cycle   X















































dx  dy 


























dx  dy 









































  A point in C

  Here we take X to be C










and Y to be the point   C

 There is no harmonic projection of the current 
Y
	 but for any











a smooth form on C











































































































 The spectrum of the Laplace operator on P

	  We repeat here the results of  Let X  GK be a homogeneous space equipped with a
Ginvariant metric We assume that X is compact Let U be a hermitian vector space with an























GU we have a Gaction
given by g  x  g
 
x We have in C
 
GU the subspace of the Kinvariant sections
C
 
GK U  f  C
 
GU jg  k  k
 
g for all k  Kg 
which is naturally identied with C
 







is a Ginvariant subspace of C
 
XE of nite dimension Decom
posing it into its irreducible components we obtain a further decomposition of E


 If at the
other hand V is an irreducible representation of G with a Gembedding 	  V  C
 
GK U	
then since  is Ginvariant 	V  has to be contained in an eigenspace E


	 for a certain  Thus	




GK U for all irreducibel representations V of G




















 C   We apply the above to G  SU	 K  SU
U	 X  P
 
	 and U  C with the trivial action of K We consider the space W  C hxi 




W 	 for all




are a complete set of inequivalent irreducible
representations of G
The decomposition of V
n





i  C hx
n 




















i We obtain that any K
homomorphism from V
n









 C  is zero for n odd	 and of dimension one for n even Hence	 there exists a











 is contained in an eigenspace E







 C  consisting of eigenfunctions of the Laplace operator on P
 




















coordinate z Over U












The standard action of z
 















zx  y 



















































































































	 for k  n
Finally	 we give the eigenfunctions for the rst eigenvalues
f
 
















































































d for functions on U

has the form






	 we easily compute that f
n 












for k      n 







































is zero unless n  n

 From our formula for the f
n k






 is zero	 for k  k

 Hence	 the f
n k




















































































































































  Levine constructs in  Green currents for linear subspaces of the projective space P
n
 In
the case of a divisor these currents coincide up to a constant with the canonical Green current
because of lemma  The example  shows that this constant is not zero However	 for
linear subspaces of higher codimension these two currents di
er considerably as we will see in
a moment

  Let P be a point in the projective plane P






canonical harmonic Green current g
P



























be the blow up of P






the natural projection As usual
the exceptional divisor f
 




















 are the homogeneous
coordinates on P
 
 Considering the open subset where Z
 








 The exceptional divisor is given by z
 
  In these coordinates we compute










































































is not of logarithmic type in the sense of
 In  Gillet and Soule show that Levines form is of logarithmic type Thus	 the canonical
Green current di
ers from Levines current

  Analogous computations show that the canonical Green current of a cycle Y in X is not
of logarithmic type	 unless Y is a divisor The reason why our canonically dened object does
not t into the concept of currents of logarithmic type might be that to construct currents












which plays a central role in intersection theory

  Having a canonical current we could hope to simplify the intersection theory However	




gives a Green current for the intersection



















is an exact current see  Another reason is that the wedge product of
harmonic forms is not harmonic
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